The Last One Standing

Suppose n people are playing a game, where they line up in a circle and face
the same direction (clockwise or counterclockwise). The players are assigned
numbers 1 to n, with player 1 standing behind player 2, who stands behind
player 3, and so forth. (So player n stands behind player 1). The game involves
people tagging the person directly in front of them and the player being tagged
removed from the game. The last player remaining in the game would be the
winner. For the players, the natural question is “where should I stand to guar-
antee victory”. (In the following we assume that the game starts with Player 1
tagging Player 2.)

Any even-numbered player has no chance of winning — Player 2 is tagged by
Player 1, Player 4 is tagged by Player 3 and so forth.

In a game with n players, let m = [logs n|. Then winner would be player 4,
where

i=2n—2"" 41

Proof: We show this holds for any n by induction on m.
If n =1, m = 0. We have the following:

i=2.1—2lles2 1+t 1
=2-2"41
=1

So Player 1 would be the winner (by default).
If n =2, m = 1. We have the following:

i=2.2—2llegz nl+l g
=4-2241
=1

So Player 1 would be the winner.
If n =3, m = 1. We have the following:

i=2.3—9llogz nJ+1 4 4
=6-22+1
=3

So Player 3 would be the winner.

For the induction hypothesis, suppose, for some positive integer k, the for-
mula holds for all n < 2*. Note that k = 2/°92k,

Now suppose we have a game with n players, where 2% < n < 2F+1,

If n is even, then we have Player 1 tagging Player 2, Player 3 tagging Player
4, and so forth. After Player n — 1 tags Player n, there are n’ = % players
remaining. We can consider this a game with n’ players and renumber the
remaining players as follows:



Player Number

Original | New
1 1
3 2
5 3
n—1 n'
Player ¢ in the original game would be Player i’ = @ in the new game.

Now the formula can be applied to identify the winner of the new game, as
n' =n/2 < 281 /2 = 28 The winner of the new game would be:

Z-/ — 2'”’ _2|_l0g2 TL,J—‘,-I +1

So i can be calculated as follows:
il —9. 7’L/ o 2Ll092 n'J+1 +1
Z—;l :2.272“092 %J+1+1

i+1=2.n—2.2lle 3]+1

i+1:2~n_2.2L10g2 nj—1+1+2
i=2.n—292.2log2nl L4
i=92.n — ollog: nj+1_’_1

If n is odd, then we have Player 1 tagging Player 2, Player 3 tagging Player
4, ... Player n — 2 tagging Player n — 1, and Player n tagging Player 1. After
Player 1 is tagged, Players 3, 5, 7, ... m remain. So there are n’ = "7*1 players
remaining. We can consider this a game with n’ players and renumber the
remaining players as follows:

Player Number

Original | New
3 1
5 2
7 3
n n'
.. .. . i—1 -
Player i in the original game would be Player i = ‘5= in the new game.

Now the formula can be applied to identify the winner of the new game, as

n' = ("2;1) <% ? = 2%, The winner of the new game would be:

Z-/ _ 2'7’Ll _ 2|_log2 n’J-&-l 11



Since n is odd, logan is not an integer. So |logan| = |loga(n —1)|. So i can
be calculated as follows:

i/:2.n/_2tlog2 n'J+1_’_1
i—1 n—1
:2.

2 2
i—1=2 (n—1)—2.2lle "7 ]+1 4 o

i—1=9.n—2.92log (n=1)]-1+1

n—1

_QUOQQ 5 J+1+1

@':Q.n_Q.QUng nJ+1
i=2.n—lleez nJ+1 4 4

So the formula holds for 2% < n < 2k+1,
Since k can be any positive integer, the formula holds for any k£ and therefore
for all n > 0.
O



